Computer Technology Eng. Dept. Control Engineering Fundamentals Third Class

6.3 Time Responses of Second-Order Systems:
To get the response (output) of the second-order system in the time domain, we
must follow these four steps:
1) Write the standard closed-loop transfer function of the second-order system:
C(s) wy, >
R(s) %24 2{w,s + w,?

2) Take the Laplace transform of the input signal r(t) in order to get R(s).
3) Substitute R(s) value in the above equation in order to get C(s).
4) Do partial fraction of C(s) if required, then apply inverse Laplace transform to C(s)
in order to get c(t).
The error signal E(s) of this system is the difference between the input and the output.
So,
E(s) = R(s) — C(s)
Where, E(S) is the Laplace transform of the error signal e(t).
And after applying inverse Laplace transform on both the sides:
e(t) =r(t) —c(t)
Example 1: A second-order series RLC circuit, shown in Figure below, has some
damping due to the resistor. Determine:
1. The key parameters for this circuit in terms of R, L, and C.
2. The time response and the error signal for this system if it is called under

damped system.

l R L.
—* AA—EEY
J +
Vi Vo — c

Solution:
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1. Write the differential equation of the second-order series RLC circuit with the help
of Kirchhoff's voltage law:
Ui == VR + VL + VC

, di
Ui=Rl+LE+Uo

And

1
Vor) = Ef [dt
Take Laplace transform for both sides of the differential equation, we get:
Vi) = RI(s) + LsI(s) + V,(s)
Eliminate all but the desired variable, we get:
and V,(s) = il(s)
or I(s)=sCV,(s)
substitute I(s) in V; s, equation, yields:
Visy =RI[sCVo($)] +Ls[sCV(s)] +Vo(s)

Vi = R CsV,(s) + L Cs* Vy(s) +V,(s)

Vi(s) = VO(S)(L CSZ + RCs+ 1)

(s) 1
Vi(s) LCs?2+ RCs+1

Divide the numerator and denominator by (L C):

1
— LC
~LC , RC 1
IcS"tIcsSTIc
1
W(s) LC
V() o R T
t s+Ls+LC

Compare above equation with standard second-order equation:
2
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C(s) _ Wy, ”
R(s) 52+ 20w,s + w,?
1 1
wnz =T~ n =
LC VL C
2 R ¢ R R
wn = — = = =
L 2Lwp, 5 1
LC
R
W= —F
2\t
The system is called under damped if 0 <{ < 1:
0<C<1

R L
I<——<1 =>O<R<2\/:
L C

2 L

2. To get the response (output) of the second-order system in the time domain, we
must follow these four steps:
1) Write the standard closed-loop transfer function of the second-order system:

C(s) %
R(s) 52+ 2{w,s + w,?

2) Take the Laplace transform of the input signal r(t) in order to get R(s).

A unit step signal u(t) is defined as: r(t) = u(t) = {(1) i i g
u(t)
I 3
1
5 :
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After applying Laplace transform on both the sides: R(s) = %

3) Substitute R(s) value in the above equation in order to get C(s).

2 2

C(s) = o R(s) = o
S 524 2(w,s + w,? 5= s (5% + 2w, s + w,?)

4) Do partial fraction of C(s) if required, then apply inverse Laplace transform to C(s)
in order to get c(t).
We can modify the denominator term of the transfer function as follows:
s?+ 20w,s + wy? = [s% + 20w, s + w,%] + ((w,)? — ((wy,)?
= [s? + 2({wn)s + Cwn)?] + wp® — Qwp)? = (s + {wn)? + wp* (1 = ?)

The transfer function becomes:
2

C(s) = wy,* 1\ Wy,
(5) = <(s o2t a2l 52)> 5) = e raza

Do partial fractions of C(s):

wy,2 A Bs+C
SE Pt 0 2@ D) 5 | 5+ {02 + w2(1— D)
_A(s? + 2{wps + w,*) + 5 (Bs + C)
s((s + Cwn)? + wn*(1 = 7%))
On both the sides, the denominator term is the same. So, they will get cancelled by

C(s) =

each other. Hence, equate the numerator terms.
wy? = A(s? + 2{w,s + w,%) + s (Bs + ()
wp? = (As*+24w,s + w,> A)+Bs*+Cs
w2 =As>+Bs?>+Cs+24Aw,s +w,? A
equate the constant terms on both the sides, we get:
wy? = w,? A (Divide both sides by w,?) => A =1
substitute A =1 and equate the coefficient of the s terms on both the sides, we get:
0=C+24lw,=C +2(1){w, = C=-2w,

substitute A = 1 and equate the coefficient of the s terms on both the sides, we get:

4
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0=A+B=B=-1
substitute the values of A, B, and C as 1, -1, and -2{w,, , respectively in partial fraction

expansion of C(s), we get:

C(s) = 1 s+ 2{w,
N N N R R o

Buts + 2{w, = s + {w, + {w,

. C _1 S + (wy {@n
. C(s) —;—(S_I_{wn)z+wn2(1_{2)_(s+{wn)2+wn2(1—52)

(5 + (wn) ( Wn/ 1- (2

1
C(s) ==~ -

2 2
(s +¢wn)? + (0 T=02) VI \ (s 4 Cw)? + (0T )
substitute the damped natural frequency wg = w,+/{? — 1 in equation above, we get:

1 (s + {w,) ¢ Wq
C(s) s a ((s+(con)2 +a)d2)

(s+{wp)*+ws?  [1-¢2

Apply inverse Laplace transform on both the sides, we get:

¢
i
—{wnt
c(t) = (1 — \;1—7{2( J1—¢%cos(wyt) +¢ sin(wdt))> u(t)

If /1 — {? = sin(0), then { will be cos(8). Substitute these values in the above equation,

c(t) = (1 — e~ $9nt cos(wyt) — e ~S@nt sin(wdt)> u(t)

we get:

e_zwnt

-0

~c(t) = <1 =

ct)=|1- (sin(8) cos(wyt) + cos(0) sin(wgyt)) | u(t)

Vo

sin(wgt + 9)) u(t)
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So, the unit step response of the second order system is having damped oscillations
when C lies between zero and one.
The error signal e(t) for this system is:

e(t) =r(t) —c(t)

e—{wnt

i

~e(t) =u(t) — (1 — sin(wyt + 9)> u(t)

—{wnt
e(t) = (jmsin(wdt + 9)) u(t)

Note: It is desirable that the transient response be sufficiently fast and be sufficiently
damped. Thus, for a desirable transient response of a second-order system, the damping
ratio must be between 0.4 and 0.8. Small values of { ({ < 0.4) yield excessive overshoot

in the transient response, and a system with a large value of { (> 0.8) responds sluggishly.

Example 2: Consider a second-order series RLC system shown in Figure below.
Determine the type of this system if R=10 Q, L=1 H, and C=62.5 mF?

i R
00—y,
+
E() E_ — C
SRS | S—
L

Solution:
Write the differential equations with the help of Kirchhoff's voltage law:
E - VL + VR + VC

dt C
Differentiating, we get:

di 1
E=1L +Ri+—jidt
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o=14 il 1,
T dt? dt ' c*

Taking Laplace transform, we get:
1
0=Ls?I(s)+RsI(s)+ C I(s)

Divide both sides of the equation by ( L I(s)), we get:

0= s? +B s + L
L LC

But R=10 Q, L=1 H, and C=62.5 mF
10 Q 1

0= s?+ S

1H +1H><62.5mF
0= 5s>4+10s + 16

Compare above equation with the characteristic equation s? + 2{w,,;s + w,? = 0, yields:
w,? = 16 = w, = 4rad/sec
10

= =1.25
2w, 2 X4

20w, =10 = { =

¢ > 1, the system is called over damped.

Homeworkl: A second-order series RLC circuit, shown in Figure below, has some
damping due to the resistor. Determine:
1. The key parameters for this circuit in terms of R, L, and C.

2. The time response and the error signal for this system if it is called undamped

system.
l R L.
— AA—N
il +
V; Vo - c
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Answer:
c(t) = (1 — coswyt) u(t)
e(t) = cosw,t u(t)
Homework?2: A second-order series RLC circuit, shown in Figure below, has some
damping due to the resistor. Determine:
3. The key parameters for this circuit in terms of R, L, and C.
4. The time response and the error signal for this system if it is called critically

damped system.

I R L.
— AMA—NY
il +
V; Vo - C

Answer:
c(t) = (1 —e @t — @, te"?nt) u(t)
e(t) = (e7®nt 4+ w,te~ ") u(t)
Homework3: A second-order series RLC circuit, shown in Figure below, has some
damping due to the resistor. Determine:
1. The key parameters for this circuit in terms of R, L, and C.
2. The time response and the error signal for this system if it is called over

damped system.

I R L.
— AMA—TEY
il +
V; Vo - C
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Hint:
We can modify the denominator term of the transfer function as follows:
s2 + 2{w,s + wy? = [s? + 2{w, s + w,?] + ((w,)? — ((w,)?
= [s? + 2()Qwn) + wn)?] + wp® = Qwp)? = (s + {wp)? — w,*(§2 — 1)

Answer:
1
/1 + e‘((‘”n"““n\/ﬁ)t\
c(t) = | (2(( + ‘/62 B 1)(‘/(2 B 1)> u(t)
\ _ ( 1 > o~ Cwn—TFDt
20 -2 -1 -1
/_ ( 1 >e—((wn+wn\/m)t\
-] EED o
—(wn—{2-1)t
\ <2<< N 1)>e i



